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Abstract: The Simplified Modal Method (SMM) [1] provides a quick
and intuitive way to analyze the performance of gratings of rectangular
shapes. For non-rectangular shapes, a version of SMM has been developed
[2], but it applies only to the Littrow-mounting incidence case and it
neglects reflection. Here, we use the theory of mode-coupling in a tapered
waveguide to improve SMM so that it applies to non-rectangular gratings
at arbitrary angles of incidence. Moreover, this new “Tapered Simplified
Modal Method” (TSMM) allows us to properly account for reflected light.
We present here the analytical development of the theory and numerical
simulations, demonstrating the validity of the method.
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1. Introduction
Gratings have become increasingly important in a large number of applications such as omnidi-
rectional broadband transmitters [3], high-contrast broadband reflectors [4, 5], two-port beam
splitters [6] and polarizing beam splitters [2]. To facilitate the design process of those optical
structures, an efficient and accurate computation method is of great importance. Within the past
decades, several methods have been proposed to compute the optical field inside and outside
the nanostructures [7]. Among them, the Finite Difference Time Domain method (FDTD) [8]
and Rigorous Coupled Wave Analysis (RCWA) [9] are the widest applied nowadays. FDTD
and RCWA numerically solve the Maxwell’s equations in the time domain and frequency do-
main, respectively, and have shown high accuracy in practice. However, both methods give
little insight into the physical process that takes place inside the grating region. Also, FDTD
and RCWA can not be easily inverted to solve the inverse diffraction problem.
The modal method [10] is a possible alternative to FDTD and RCWA. Unlike these two
methods, the modal method not only solves the Maxwell’s equations, but also shows us an in-
tuitive picture about the physical process inside the grating region. In addition, it can be easily
inverted to solve the inverse diffraction problem. For gratings with small period, only a few
(usually 2∼ 3) propagating modes inside the grating region exist and the diffraction process is
dominated by the interference between them. In this way, a Simplified Modal Method (SMM)
[7] was proposed, which further simplifies the computation. Moreover, by taking advantage
of the two-beam interference mechanism under Littrow-mounting [7] and the effective refrac-
tive index matching [1] at the input and output interface, we can quickly predict the optical
properties of the grating using SMM. In this way, SMM is well suited to the design of gratings.
The modal method was originally derived based on rectangular gratings [10]. In order to
extend the approach to gratings of arbitrary profile, a multilayer modal method (MMM) [11]
was proposed. However, in MMM the mode propagation between layers was obtained using a
R-matrix algorithm which does not have an intuitive physical interpretation [12]. As a result,
the most advantageous aspect of the modal method over FDTD and RCWA was compromised.
The S-matrix algorithm [13] was another approach to deal with light propagation in a multilayer
structures. It has a clear physical meaning but is not compatible with the modal method as the
matrix would become singular in some conditions [12]. For SMM, one modified version [2]
has been developed for the analysis of non-rectangular gratings with the help of the two-beam
interference mechanism, but it only works under the Littrow-mounting illumination condition.
Moreover, reflections at both the input and output interface are neglected in that case. Above
all, no modal method can be applied to non-rectangular gratings at arbitrary angles of incidence
without losing its clear physical meaning. Therefore, the application of the modal method in
practice is limited nowadays as most optical nanostructures are of non-rectangular shapes.
In this paper, we propose the Tapered Simplified Modal Method (TSMM) as the first physi-
cally intuitive formulation of SMM that can be applied to non-rectangular gratings at arbitrary
illumination angles. In TSMM, we first discretize the non-rectangular grating along the axial
direction and then apply conventional SMM theory to each discretized layer. The relationship
between each layer, unlike [11] where the R-matrix was used, is found using tapered mode-
coupling analysis.
2. Main Theory
We begin by discretizing the non-rectangular grating along the axial direction, as shown in
Fig. 1. This procedure is the same as that in the MMM [11], and it is applicable to gratings
of arbitrary shapes and at arbitrary illumination angles. Here, for the sake of simplicity, we
illustrate the theory using a triangular grating. We assume n1, n2, nb and ng are the refractive
indices of the input medium, the substrate, the ridge of the grating and the groove of the grating,
respectively, ϕin is the incident angle of the illumination light, and d and H are the period and
groove depth of the grating, respectively.
Fig. 1. Discretization of non-rectangular grating
The non-rectangular grating is discretized into N layers, each of groove depth hi = H/N.
These elemental gratings can now be considered as rectangular gratings. According to the
modal theory, for a rectangular grating, the transverse field inside the grating region can be
represented as the sum of grating modes propagating up and down the grating [1]:
Et(x,z) = ∑Mq=1[aqexp(Γqz)eq(x)+a−qexp(Γ−qz)e−q(x)],
Ht(x,z) = ∑Mq=1[aqexp(Γqz)hq(x)+a−qexp(Γ−qz)h−q(x)].
(1)
Here, M is the number of modes that we use to approximate the grating field; aq and a−q are
the amplitude coefficients for the q-th forward mode and q-th backward mode, respectively; and
Γq and Γ−q are the modal propagation constants for the q-th forward mode and q-th backward
mode, respectively. In SMM, we only consider the propagating mode, i.e. Γq and Γ−q are purely
imaginary. The modal propagation constants can be computed as: Γq = ik0neff(q) and Γ−q =
−Γq. Here, k0 = 2pi/λ and neff(q) is the effective refractive index for the q-th mode, which is
the q-th largest possible value of neff that satisfies the transcendent equation [10]:
cos(αd) = cos(β f d) · cos [γ(1− f )d]− β
2+ τ2γ2
2βγτ
sin(β f d)sin [γ(1− f )d], (2)
where α = k0n1 sinϕin, β = k0
√
n2b−n2eff, γ = k0
√
n2g−n2eff.
Eq. (2) is obtained through the field continuity condition at the boundary between ridges and
grooves. Therefore, this equation should be polarization dependent and the polarization factor
τ is defined as:
τ =

n2b
n2g
, For TM polarization(Hx = Hz = 0);
1, For TE polarization(Ex = Ez = 0);
(3)
In eq. (1), eq(x),e−q(x),hq(x),h−q(x) are the transverse parts of the electric and magnetic
field function for the q-th forward mode and q-th backward mode, respectively. They follow the
symmetry relationship [14]: eq(x) = e−q(x), hq(x) = −h−q(x). Then, eq. (1) can be rewritten
as: 
Et(x,z) = ∑Mq=1[Aq(z)+A−q(z)] · eq(x),
Ht(x,z) = ∑Mq=1[Aq(z)−A−q(z)] ·hq(x),
(4)
where Aq(z) is the modal amplitude coefficient:
Aq(z) = aqeΓqz. (5)
The distributions of eq(x) and hq(x) are determined through the field continuity condition
at the boundary between ridges and grooves. Hence, the mode functions are also polarization
dependent. Specifically [15],
• for TE polarization
eq(x) =
{
cos [β (x+ f d2 )]+ iV0
τk0
β sin [β (x+
f d
2 )], For|x| ≤ f d2 ;
U1 cos [γ(x− f d2 )]+ iV1 k0γ sin [γ(x− f d2 )], For f d2 ≤ |x| ≤ (1− f2 )d;
(6)
hq(x) =
k0 ·neff(q)
ωµ
eq(x); (7)
• for TM polarization
eq(x) =
−k0 ·neff(q)
ωε
hq(x); (8)
hq(x) =
{
cos [β (x+ f d2 )]+ iV0
τk0
β sin [β (x+
f d
2 )], For|x| ≤ f d2 ;
U1 cos [γ(x− f d2 )]+ iV1 k0γ sin [γ(x− f d2 )], For f d2 ≤ |x| ≤ (1− f2 )d;
(9)
Here,
V0 = [exp(ik0d sinϕin)−M]/P,
V1 =
i
k0
β
τ
sin(β f d)+V0 cos(β f d),
U1 = cos(β f d)+ iV0
τk0
β
sinβ f d,
M = cos(β f d)cos [γ(1− f )d]− β
τγ
sin [γ(1− f )d]sin(β f d),
P= ik0{1γ cos(β f d)sin [γ(1− f )d]+
τ
β
cos [γ(1− f )d]sin(β f d)}.
(10)
The above expressions for eq(x) and hq(x) are for one period and they can readily be extended
to the whole domain through Bloch’s Theorem [7].
As illustrated in Fig. 1, each layer of the discretized grating will have the same period, but
different duty cycle. Therefore, according to eq. (2), each layer will have different effective
refractive indices neff for the same mode. Moreover, when f → 0, neff(1)→ ng cosϕin; f → 1,
neff(1)→ nb cosϕd , where ϕd is the diffraction angle inside the substrate. Hence, the discretized
grating can also be considered as a progression of effective refractive indices along the axial
direction, as shown in Fig. 2.
Fig. 2. Scheme for estimating the discretized grating along the axial direction as a progres-
sion of effective refractive indices
After discretization, the field inside each layer can be expressed as:{
E jt (x) = ∑Mq=1[A
j
q+A
j
−q] · e jq(x),
H jt (x) = ∑Mq=1[A
j
q−A j−q] ·h jq(x),
j = 1,2, · · · ,N. (11)
Here, the superscript j denotes the j-th layer.
Using the field continuity condition for Et and Ht at the input interface (z= 0) and the output
interface (z=H), we can construct the following four boundary conditions. Here, for simplicity,
we only illustrate the TE polarization case (the TM case is derived similarly).
• At the input interface ( j = 1):
∞
∑
m=−∞
(c1+m + c
1−
m )exp(ikxmx) =
M
∑
q=1
(A1q+A
1
−q) · e1q(x); (12)
∞∑
m=−∞
k1m
ωµ
(c1+m − c1−m )exp(ikxmx) =
M
∑
q=1
(A1q−A1−q) ·h1q(x); (13)
• At the output interface ( j = N):
∞
∑
m=−∞
(c2+m + c
2−
m )exp(ikxmx) =
M
∑
q=1
(ANq +A
N
−q) · eNq (x); (14)
∞
∑
m=−∞
k2m
ωµ
(c2+m − c2−m )exp(ikxmx) =
M
∑
q=1
(ANq −AN−q) ·hNq (x); (15)
Here, kxm =
2pin1 sinϕin
λ +
m·2pi
d is the transverse wavenumber of the m-th order diffraction beam;
k1m =
√(
2pin1
λ
)2− (kxm)2 and k2m =√( 2pin2λ )2− (kxm)2 are the axial wavenumbers of the m-th
order diffraction beam inside the input medium and the substrate, respectively; and c1+m and
c1−m are the amplitude coefficients of the m-th order diffraction beam propagating forwards
and backwards inside the input medium, respectively. Similarly, c2+m and c
2−
m are the amplitude
coefficients of the m-th order diffraction beam propagating forwards and backwards inside the
substrate, respectively. By considering the backward propagating beam, our method accounts
for reflection, which is neglected in conventional SMM.
Combining eq. (12) ∼(15), we readily obtain:
c1+n =
ωµ
2k1n
{
M
∑
q=1
(
k1n
ωµ
Fn(1)q +G
n(1)
q
)
A1q+
M
∑
q=1
(
k1n
ωµ
Fn(1)q −Gn(1)q
)
A1−q
}
, (16)
c1−n =
ωµ
2k1n
{
M
∑
q=1
(
k1n
ωµ
Fn(1)q −Gn(1)q
)
A1q+
M
∑
q=1
(
k1n
ωµ
Fn(1)q +G
n(1)
q
)
A1−q
}
, (17)
c2+n =
ωµ
2k2n
{
M
∑
q=1
(
k2n
ωµ
Fn(N)q +G
n(N)
q
)
ANq +
M
∑
q=1
(
k2n
ωµ
Fn(N)q −Gn(N)q
)
AN−q
}
, (18)
c2−n =
ωµ
2k2n
{
M
∑
q=1
(
k2n
ωµ
Fn(N)q −Gn(N)q
)
ANq +
M
∑
q=1
(
k2n
ωµ
Fn(N)q +G
n(N)
q
)
AN−q
}
. (19)
Here,
Fn( j)q =
1
dc
∫ dc
0
e jq(x) · exp(−ikxnx)dx, j = 1,N, (20)
Gn( j)q =
1
dc
∫ dc
0
h jq(x) · exp(−ikxnx)dx, j = 1,N. (21)
The value of the integral period dc is the same as the period of the field function, which in
turn depends on the incident angle: dc= N1·λn1 sinϕin = N2 ·d. Here, N1 is chosen to be the smallest
nonnegative integer that makes N2 a positive integer. Under normal incidence condition (ϕin =
0), we obtain dc = d. Under Littrow-mounting illumination condition (sinϕin = λ/2n1d), we
obtain dc= 2d.
Looking at eq. (16) ∼ (19), we can find that if we can relate ANq and AN−q with A1q and A1−q,
then all the unknown amplitudes c1−n ,c2+n ,A1q and A1−q can be solved via incident amplitudes
c1+n and c
2−
n . We now proceed to find the relationship between A
N
q ,A
N−q and A1q,A1−q by using
tapered mode-coupling theory [14].
Let’s start with Maxwell’s equations:
∇×H = iωεE,
∇×E =−iωµH. (22)
We write the electric and magnetic fields E and H as the superpositions of their respective
transverse parts Et ,Ht and longitudinal parts Ez,Hz:
E = (Et +Ez)e jwt ,
H = (Ht +Hz)e jwt .
(23)
Then, Maxwell’s equations (22) are recast into transmission line form [16]:
−∂Et
∂ z
= iω
(
µI+
1
ω2
∇t
1
ε
∇t
)
· (Ht × zˆ) ,
−∂Ht
∂ z
= iω
(
εI+
1
ω2
∇t
1
µ
∇t
)
· (zˆ×Et) ,
(24)
where ∇t = ∇− zˆ ∂∂ z .
Substituting eq.(4) into the above transmission line equation, we can obtain the following set
of differential equations:
dAq
dz
−ΓqAq = 12
M
∑
p=−M
Ap(Kpq+ K˜qp). (25)
Here, Kpq and Kˆpq are two types of coupling coefficients:
Kpq =
∫ dc
0
zˆ · ep(x)×
∂h∗q(x)
∂ z
dx,
K˜pq =
∫ dc
0
zˆ · ∂e
∗
p(x)
∂ z
×hq(x)dx.
(26)
This set of differential equations is physically intuitive, since it exactly represents the mode
coupling process inside the grating region. By solving it, we can obtain the amplitude coeffi-
cients for each mode at any axial position and can then relate ANq and A
N−q with A1q and A1−q
through a simple matrix multiplication:[
ANq
AN−q
]
=Mt ·
[
A1q
A1−q
]
. (27)
Here, Mt is the transfer matrix.
Then, the boundary continuity equations eq. (16) ∼ (19) can be solved as:
• input: [
c1+n
c2−n
]
=
M
∑
q=1
[
Fn(1)q
2 +
ωµ
2k1n
Gn(1)q
Fn(1)q
2 − ωµ2k1nG
n(1)
q
Uq Vq
][
A1q
A1−q
]
; (28)
M∑
q=1
[Uq,Vq] =
M
∑
q=1
[
Fn(N)q
2
− ωµ
2k2n
Gn(N)q ,
Fn(N)q
2
+
ωµ
2k2n
Gn(N)q
]
·Mt ; (29)
• output: [
c1−n
c2+n
]
=
M
∑
q=1
[
Fn(1)q
2 − ωµ2k1nG
n(1)
q
Fn(1)q
2 +
ωµ
2k1n
Gn(1)q
U ′q V ′q
][
A1q
A1−q
]
; (30)
M
∑
q=1
[U ′q,V
′
q] =
M
∑
q=1
[
Fn(N)q
2
+
ωµ
2k2n
Gn(N)q ,
Fn(N)q
2
− ωµ
2k2n
Gn(N)q
]
·Mt ; (31)
In this way, we obtain all the unknown amplitudes c1−n ,c2+n and thus the diffraction field and
the reflection field of the grating.
3. Simulations and Results
Based on TSMM theory, we performed simulations on several different non-rectangular grat-
ings under different illumination angles. We analyzed the simulation results and demonstrated
the validity of the proposed approach numerically.
3.1. Littrow-mounting illumination condition
The first case we consider is the Littrow-mounting illumination case. This is the only case that
conventional SMM can be applied for a non-rectangular grating. As an example, we analyze
a triangular grating with d = L = 600nm,n1 = ng = 1,n2 = nb = 1.45. Here, L is the width
at the bottom of the triangle. The illumination wavelength is set to be λ = 1064nm. Hence,
the illumination angle should be ϕin = sin−1
(
λ
2n1d
)
= 62.46◦ to fulfill the Littrow-mounting
condition. We computed the diffraction efficiencies of the 0th order and -1st order diffraction
beams with different values of aspect ratio H/d of the triangular grating. The result is shown
in Fig. 3.
The simulation result matches well with the RCWA result for the same structure provided in
reference [17]. As shown in Fig. 3, the result indicates the interference mechanism [7] between
the two propagating modes inside the triangular grating in the Littrow-mounting illumination
condition (where 0th and −1st order diffraction beam are symmetric), which is very similar to
a Mach-Zehnder Interferometer. The high transmission ratio in this case can be explained by
the fact that when f → 0, neff(1)→ ng cosϕin; whereas when f → 1, neff(1)→ nb cosϕd . Here,
in this structure, the duty cycle at the top of the triangle goes to 0 and the the duty cycle at the
bottom of the triangle goes to 1. Hence, at both the input interface and the output interface, the
reflection caused by the refractive index mismatch is very low.
3.2. Non-Littrow-mounting illumination condition
This is a case that cannot be handled by conventional SMM, but TSMM as presented here has
no problems with. As example, we consider a triangular grating with d = L = 900nm,n1 =
ng = 1,n2 = nb = 1.45. The illumination wavelength is λ = 1200nm. The illumination angle
ϕin = sin−1
(
λ
3n1d
)
= 26.39◦, which is no longer the Littrow-mounting case. The diffraction
efficiencies of the 0th order and -1st order diffraction beams with respect to varying values of
the aspect ratio are shown in Fig. 4.
Fig. 3. Littrow-mounting illumination condition
Fig. 4. Non-Littrow-mounting illumination condition
In this case, the maximum transmission ratio for the 0th diffraction beam is still high due
to the low refractive index mismatch. However, the curves no longer follow the Mach-Zehnder
interference relationship. The reason is that the 0th and -1st order diffraction beams are not
symmetric in the non-Littrow-mounting condition. Another point of view to explain this phe-
nomenon is to consider the grating as a volume hologram; whence, diffraction efficiency is in-
fluenced by the illumination angle. The Littrow-mounting illumination condition is also known
as the Bragg-matched condition [18] where maximum diffraction efficiency is expected. For
the non-Littrow-mounting case, the hologram becomes Bragg-mismatched and the diffraction
will depend on the angular Bragg selectivity ∆θ , which is inversely proportional to the thick-
ness of the volume hologram, i.e. ∆θ ∼ 1H . Therefore, when the grating becomes thicker, ∆θ
is smaller and diffraction becomes more sensitive to illumination angle. In other words, when
the grating becomes thicker, the same non-Littrow-mounting illumination angle deviates more
from the Bragg-matched condition resulting in even weaker diffraction.
3.3. Truncated triangular case
The structures that we analyzed so far are full duty-cycle triangular gratings with f = 0 at the
top and f = 1 at the bottom, which have high transmission due to the low refractive index mis-
match at both the input and output interface. Now, let us examine the cases where the structures
are truncated triangular gratings [ f 6= 0 at the top and/or f 6= 1 at the bottom].
We still consider the Littrow-mounting illumination condition first. Here, we assume f = 0.3
at the top and f = 0.7 at the bottom. In this case, the structure is actually a trapezoidal grating.
The other parameters are set as: L = 600nm,n1 = ng = 1,n2 = nb = 1.45,λ = 1064nm,ϕin =
sin−1
(
λ
2n1d
)
= 62.46◦. The diffraction efficiency plot with respect to the aspect ratio is shown
in Fig. 5.
Fig. 5. Truncated triangular grating in Littrow-mounting case
From Fig. 5, we can observe Mach-Zehnder type interference relationship: this is justified,
since this is the Littrow-mounting illumination condition again. However, the transmission ratio
is reduced compared to the full duty-cycle case [Fig. 3]. This result is also expected intuitively,
as the reflection due to the refractive-index mismatch is higher in the truncated case. Moreover,
this result actually highlights one advantage of our method over conventional SMM even in the
Littrow-mounting case: when analyzing non-rectangular gratings in the Littrow-mounting case
with conventional SMM, the diffraction efficiency is always computed in view of two-beam
interference [2], where the reflections at the interfaces are not considered [17]. By contrast,
TSMM inherently takes reflection into consideration and, therefore, provides more accurate
result.
We also analyze the truncated triangular grating under non-Littrow-mounting condition
where ϕin = sin−1
(
λ
3n1d
)
. We set the structural parameters as: d = 900nm,L = 450nm,n1 =
ng = 1,n2 = nb = 1.45. The illumination wavelength is set to be λ = 1200nm. The diffraction
efficiency plot with respect to the aspect ratio is shown in Fig. 6.
As expected, the transmission of the 0th order beam is lower compared to the full duty-cycle
case [Fig. 4] since the duty cycle at the bottom of the triangle is only 0.5 now, which will cause
a higher reflection at the output interface.
3.4. Convergence of the method
To demonstrate the stability of our method, we now examine the convergence of diffraction
efficiencies with respect to the total number of layers N. Three different cases are considered:
(1) Under Littrow-mounting illumination condition, the 0th order diffraction efficiencies of
two gratings with different thickness are computed. The large aspect ratio grating has thickness
H = 10µm, while the small aspect ratio grating has thickness H = 6µm. All other parameters
are the same as those of the simulation for Fig .3.
Fig. 6. Truncated triangular grating in non-Littrow-mounting case
(2) Under non-Littrow-mounting illumination condition, the -1st order diffraction efficien-
cies of two gratings with different thicknesses are computed. The large aspect ratio grating has
thickness H = 20µm, while the small aspect ratio grating has thickness H = 14µm. All other
parameters are the same as those of the simulation for Fig .5.
(3) Under non-Littrow-mounting illumination condition, the 0th order diffraction efficien-
cies of two gratings with different thickness are computed. The large aspect ratio grating has
thickness H = 20µm, while the small aspect ratio grating has thickness H = 14µm. All other
parameters are the same as those of the simulation for Fig .6.
The convergence curves for all cases above are shown in Fig. 7. Here, all curves are normal-
ized to their maximum respective values and then plotted in logarithmic scale.
Fig. 7. Convergence curves
As expected, when N increases (i.e., the thickness of each layer decreases), the computed
diffraction efficiencies in all the three cases converge, which demonstrates the stability of the
proposed method. Also, we notice that we can not estimate the convergence rate merely from
the aspect ratio of the grating. As we can see from Fig. 7, in case (1), large aspect ratio gratings
have faster convergence rates, while in case (2) and (3), the small aspect ratio grating has a
faster convergence rate. In fact, the convergence rate is influenced by the aspect ratio in two
ways: on one hand, the larger aspect ratio means smaller slope, which is good for obtaining
accurate result in TSMM, as we will explain in detail in the following section; on the other
hand, larger aspect ratio means larger thickness of each discretized layer, which will in turn
reduce accuracy. Whether the slope or the layer thickness makes the dominant contribution to
the convergence rate is determined by many other factors such as duty cycle and incidence
angle.
4. Slight taper approximation
The validity of TSMM in computing the diffraction field of non-rectangular gratings has been
demonstrated through a series of simulations. However, when applying this method in practice,
we should be aware of the fact that the accuracy of this method is influenced by the taper angle
Ω of the non-rectangular grating. An illustration of the taper angle Ω is shown in Fig. 8. This
method works best when the slight taper condition is satisfied, i.e. Ω 1. This requirement is
actually due to three approximations that we make in developing TSMM.
Fig. 8. Taper angle
(1) Propagating modes approximation. In SMM, we consider the total field as the superpo-
sition of all propagating modes (with real neff). By doing this, we actually eliminate all the
evanescent modes (with imaginary neff.) Thus, we introduce a truncation error. According to
the adiabatic coupling theorem [14, 19], coupling between propagating modes and evanescent
modes is negligible when the taper angle is small enough. When the taper angle increases, the
coupling also increases and the influence of evanescent modes becomes larger. For the triangu-
lar grating considered here, one quick way to estimate the truncation error is to compute the 1/e
penetration depth dp for the first evanescent mode. The first evanescent mode has the smallest
|neff| among all the evanescent modes, thus having the largest penetration depth. When H dp,
we can consider coupling between propagating modes and evanescent modes to be very small
and, therefore, justifiably negligible. In this way, we actually find a lower bound for the aspect
ratio of the grating that our TSMM can provide accurate results. One way to improve the ac-
curacy of our method is to take the evanescent modes into consideration [20]. We consider this
improvement to be outside the scope of the present paper and defer to future work.
(2) Uniform boundary condition approximation. As can be seen from (4), we express the
total fields Et inside the grating region as a superposition of grating modes eq. Because of the
non-rectangular structure, Et satisfies a non-uniform boundary condition at the ridge-groove
boundary [14]. Nevertheless, the analytical functions of grating modes eq, no matter if they are
propagating or evanescent, are determined in the rectangular case, which satisfies the uniform
boundary condition. Therefore, no finite summation of these grating modes could ever possibly
satisfy the non-uniform boundary conditions. This fact, in turn, causes error in the computation
of the non-TE case. Since the boundary conditions are satisfied to the order of (n2b−n2g) · tanΩ ·
Ez, when Ω 1 the corresponding error can be neglected, and then eq. (4) becomes valid.
(3) Partial derivatives approximation. As shown in eq. (26), there are z-derivative terms in-
side the expressions of coupling coefficients. In TSMM, the grating is discretized along the z
direction; this is how we can obtain eq(x,zi) and hq(x,zi) for each discretized layer i. To esti-
mate the z-derivative terms, we fit those discretized values with polynomials to obtain analytical
expressions eq(x,z) and hq(x,z) for each value of x and then we compute the derivatives analyt-
ically. However, the accuracy of polynomial fitting is influenced by the taper angle. Intuitively,
when the taper angle is large, the difference between two adjacent layers is large. As a result,
the error in approximating the z-derivative terms also becomes large. To reduce this error, in-
creasing the number of discretized layers is a possible approach. However, the penalty is the
increase in the computational cost.
5. Conclusion
In this paper, we have demonstrated the Tapered Simplified Modal Method (TSMM) for grating
analysis. To our knowledge, this is the first physically intuitive modal method reported that can
be applied to non-rectangular gratings under arbitrary illumination condition, thus it greatly
broadens the application of the modal method. The key element of TSMM is that we discretize
the non-rectangular grating into several layers and treat each layer as a rectangular grating.
Then, conventional SMM can be applied to each layer. With the help of tapered mode-coupling
theory, we obtain the relationship between all the layers and, finally, we obtain diffraction and
reflection coefficients for all orders. The validity of this method has been demonstrated through
a series of numerical simulations. This novel method can help us better understand the processes
that take place inside the grating region and facilitates the design of gratings with particular
specifications.
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